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Abstract
A spin angular gradient approximation for the exchange correlation magnetic field in the density functional formalism is
proposed. The usage of such corrections leads to a consistent spin dynamical approach beyond the local approximation. The
proposed technique does not contain any approximations for the form of potential and can be used in modern full potential band
structure methods. The obtained results indicate that the direct ’potential’ exchange in 3d magnets is rather small compared
to the indirect ’kinetic’ exchange, thus justifies the dynamical aspect of the local density approximation in 3d metals.
1
In density functional theory (DFT) two magnetic terms, responsible for any spin ordering, coexist on both in-
traatomic and interatomic length scales and produce a very successful description of static properties in 3d magnets.
One of these terms is the static non-local spin current, which is associated with the kinetic energy (’kinetic’ field
(KF)), whereas another one is the large exchange-correlation magnetic field (EXF). While enjoying great success in
weakly correlated materials, the standard local spin density approach (LSDA) for the exchange correlation energy
is believed not appropriate for strongly correlated materials. However, the standard assumption of the LSDA - a
proportionality of EXF and local magnetization m(r) is, in turn appropriate only for strongly correlated systems
(narrow bands), when the magnetic effects related to the ’kinetic’ exchange can be omitted. The consequence of
this local approximation is that the large EXF is spin dynamically inactive in the LSDA1. This feature of LSDA
restrains the possible range of directions for EXF, which immediately affects the spin-spin correlation function and,
in turn a whole range of dynamic and thermal properties. Hence, it is highly desirable that both sources of internal
magnetic field are treated with no constraints on their directions. A general non-local approach should be used to
treat adequately the dynamic aspect of the interrelation between ’kinetic’ (indirect) and ’potential’ (direct) magnetic
sources. The influence of non locality of EXF on spin dynamics (SD) of magnets is essentially unknown and was not
studied in real materials. In this paper we undertake an attempt to overcame this problem and propose a spin angular
gradient approximation (SAGA) for EXF and apply it to the calculations of spin wave (SW) stiffness in 3d magnetic
metals.
The evolution of the many-electron inhomogeneous system in the presence of the external field is defined in a
unique way by the time-dependent one-particle density matrix ραβ (r, r,t) =
〈
ψ+β (r, t)ψα (r, t)
〉
, where ψα (r, t) is
the annihilation operator for the electron at the point r with spin projection α at the instant time t. Equivalently,
one can introduce the charge n (r,t) = Trρ (r, r, t) and magnetization m (r,t) = Trρ (r, r, t)σ densities, where σ are
Pauli matrices. Starting from the Schroedinger equation for the many-electron system one can formally obtain the
exact set of equations for these quantities:
•
m(r,t) = γm(r,t)×Bext(r,t) +
i
2
∇
2
rr′(ραβ (r, r
′,t)σβα − c.c.)r′=r, (1)
•
n(r,t) =
i
2
∇
2
rr′(ραα (r, r
′,t)− c.c.)r′=r (2)
where Bext(r,t) is the external magnetic field. These equations are not closed since, generally speaking, the quantity
∇r′ραβ (r, r
′,t)r′=r cannot be described directly in terms of ραβ (r, r,t) (see the discussion of the kinetic energy term
in DFT3). Introducing the wave functions of Kohn-Sham quasiparticles ϕνα and making an adiabatic approximation
which assumes they evolve rapidly in comparison to the spin degrees of freedom, we can obtain a closed set of equations
describing charge and spin dynamics:
•
m(r,t) = γm(r,t)×Btot(r,t) + (3)
i
2
∇r(
occ∑
ν
ϕ∗να (r,t)∇rϕνβ (r,t) · σβα − c.c.),
•
n(r,t) =
i
2
∇r(
occ∑
ν
ϕ∗να (r,t)∇rϕνα (r,t)− c.c.), (4)
[(
−
1
2
∇2 + Vext + VH
)
δαβ −Bextσαβ +
δExc
δρβα
]
ϕνβ (r,t) (5)
= ǫν (t)ϕνα (r,t) ,
where the sum is over the occupied Kohn-Sham states; Vext and VH are the external and Hartree potentials, re-
spectively, Exc is the exchange-correlation energy, Btot = Bext + Bxc is the total magnetic field including EXF
Bxc = −δExc/δm. The Kohn-Sham wave functions and the corresponding energies ǫν (t) depend on time due to the
time-dependence of the densities and external field (the latter is supposed to be weak relative to the characteristic
electron energies).
The second term in Eq.(3) can be conveniently cast in the following torque form
dm (r, t)
dt
= γm(r,t)× [Bkin(r) +Bxc(r) +Bext(r)] (6)
= γm(r,t)×Btot(r)
2
where the total field acting on the electronic spin at point r is
Btot(r) = −
δE
δm(r)
= −
δT
δm(r)
−
δExc
δm(r)
+Bext(r), (7)
with Bkin(r) = ∇ρ∇σ/mρ, ρ =
∑
φ∗νφν , d/dt = ∂/∂t+ v∇ and v is a velocity. From Eq.(6) directly follows that
mdm/dt = 0.Below we use Bext = 0.
The basic assumption of LSDA is that Exc is obtained for the homogeneous electron gas (HEG) model for a given
magnetization density m, and assumed to apply to real external potentials. In this local approximation Bxc(r) ∼
m(r), hence assuming very strong EXF compared to KF and smallness of dynamics associated with EXF. Let us now
eliminate this requirement and generalize a shape of EXF for the spiral magnetic configuration (spin-density wave
(SDW)) with the amplitude m and the wave vector Q. Hence, the term m(r,t)×Bxc(r) will contribute to Eq.(6).
The SDW state is characterized by anomalous averages sp =
〈
c+
p+Q/2↑cp−Q/2↓
〉
where c+pσ,cpσ are the oper-
ators of creation and annihilation of electrons with momentum p and spin projection σ. Similar to the Gorkov-
Nambu formalism in the theory of superconductivity (see, for instance, Ref.4) we introduce the spinor operator
ψp = (c
+
p+Q/2↑, cp−Q/2↓). Then the Hamiltonian can be expressed as
H =
∑
p
ψphpψp +
1
2
∑
q 6=0
∑
pp′
vc (q)
(
ψ+p+qψp
) (
ψ+p′−qψp′
)
(8)
where vc (q) = 4πe
2/q2V, V is a volume and hp = θp + τpσz −∆pσx. Here
θp =
1
2
(
εp+Q/2 + εp−Q/2
)
= p2/2 +Q2/8− µ, (9)
τp =
1
2
(
εp+Q/2 − εp−Q/2
)
= pQ/2
where εp = p
2/2−µ is the energy of the free electron and 2∆p is the antiferromagnetic gap, related to the formation
of SDW. In the Hartree-Fock approximation (HFA) the latter is determined through the relation
∆p =
∑
p′
vc(p− p
′)sp′ . (10)
Now we will replace vc by the effective Stoner exchange splitting I =
(
V ↑exc − V
↓
exc
)
/ (n↑ − n↓) , where V
σ
exc =
∂ (nεexc) /∂nσ. Then, Eq.10 can be replaced by ∆ = I (n↑ − n↓) /2, where ∆ does not depend on p.
The ’bare’ Green function in the Matsubara representation has the form
G (iωm,p) =
1
iωm − hp
=
iωm − θp + τpσz −∆pσx(
iωm − ξp↑
)(
iωm − ξp↓
) (11)
where ξp↑,↓ = θp ∓ Ep is a quasiparticle spectrum for SDW with Ep =
√
τ2p +∆
2. From Eq.11 one can find the
occupation number matrix
2Np =
(
1 +
τpσz −∆σx
Ep
)
fp↑ +
(
1−
τpσz −∆σx
Ep
)
fp↓ (12)
where fpσ = f
(
ξpσ
)
is a Fermi function. Then for the Fock contribution to the exchange-correlation energy we will
have
EFock = −
1
2
∑
pp′
vc (p− p
′)Tr [N(p)N(p′)] = E
(1)
Fock + E
(2)
Fock, (13)
E
(1)
Fock = −
1
4
∑
pp′σ
vc (p− p
′) fpσfp′σ
(
1 +
τpτp′ +∆
2
EpEp′
)
,
E
(2)
Fock = −
1
2
∑
pp′
vc (p− p
′) fp↑fp′↓
(
1−
τpτp′ +∆
2
EpEp′
)
.
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Expression (13) is suitable for the calculation of the exchange energy in SDW state for any Q with the corresponding
equation for the chemical potential µ
N = Tr
∑
p
Np =
∑
p
fpσ. (14)
Let us consider an important case of small Q. The expansion of Eq.14 gives a correction of order Q2 for µ˜ = µ−Q2/8.
One has
δµ˜ = µ˜Q − µ˜Q=0 = −
Q2
8F (n↑, n↓)
(15)
where F = (pF↑ + pF↓)I(n↑, n↓)/2π
2 is a dimensionless Stoner enhancement factor, pFσ = (6π
2nσ)
1/3.
Expanding Eq.13 up to Q2 we have the following expression
EFock
V
= −
e2
8π3
{(
p4F↑ + p
4
F↓
)
−Q2
[(
1
2F
−
2
3
)(
p2F↑ + p
2
F↓
)
+
(pF↑ + pF↓)
2
12F 2
]}
. (16)
Now let us consider the correlation effects. In the Gell-Mann-Brueckner theory5 the correlations can be taken into
account by using the polarization operator
Π (iω,q) = −Tr
∑
p
T
∑
εn
G (p+ q, iεn + iωn)G (p, iεn) . (17)
With this function the correlation part of Ω-potential can be expressed as:
Ωcorr =
∑
q
∞∫
−∞
dω
4π
{
ln
[
1 + vc (q)Π (iω,q)
1 + vc (q)ΠQ=0 (iω,q)
]
− vc (q) [Π (iω,q)−ΠQ=0 (iω,q)]
}
, (18)
where we wrote only Q−dependent part of the correlation energy. Substituting Eq.11 into Eq.17 we have
Π (iω,q) =
1
2
∑
p
(
1 +
τpτp+q +∆
2
EpEp+q
)∑
σ
fpσ − fp+qσ
iω + ξp+qσ − ξpσ
+ (19)
2
(
1−
τpτp+q +∆
2
EpEp+q
)
fp↑ − fp+q↓
iω + ξp+q↓ − ξp↑
with
ΠQ=0 (iω,q) =
∑
σ
pFσ
2π2
{
1 +
1
2q
[
p2Fσ −
(
iω
q
+
q
2
)2]
ln
iω + q2/2 + qpFσ
iω + q2/2− qpFσ
−
1
2q
[
p2Fσ −
(
iω
q
−
q
2
)2]
ln
iω − q2/2 + qpFσ
iω − q2/2− qpFσ
}
,
(20)
where ln means the main branch of the logarithm.
Now the corresponding exchange-correlation addition to the spin wave spectrum at finite Q can be written as
δωQ =
4
M
[ESDW (Q)− ESDW (0)] . (21)
where ESDW (Q) is the total energy of the spin spiral and M is a magnetic moment of the cell.
For the electronic gas of high density the main contribution into integral (18) comes from the region of small q.
At the same time from Eq.(19) one can see that the interband contribution contains additional factor q2 compared
to the intraband one. Hence, it seems reasonable to take into account terms of q2 order for the correlation effects in
intraband transitions.
Below we consider non-relativistic case only, when exchange-correlation energy is invariant with respect to the
rotation in spin space. Then, for the weakly nonuniform distribution of spin density, one can write
Eexc =
∫
dr {nεexc (n↑, n↓) + λ (n↑, n↓)D} , (22)
4
where D = (∇αeβ) (∇αeβ) = (∇θ)
2
+ sin2 θ (∇ϕ)
2
is the rotational invariant of lowest order. Here e = m/ |m| ≡
(sin θ cosϕ, sin θ sinϕ, cos θ) .
For the variation of Eexc in the spiral structure with e(r) = (cosQr, sinQr, 0) one can write E
Q
exc−E
Q=0
exc = V λQ
2.
Now, one needs to estimate the energy of SDW with an amplitude |m| = n↑−n↓ and Q→ 0. This problem has been
considered by Herring6 in HFA. The last one, however, seems not to be useful in the calculation of the total energy of
the SDW due to an instability at Q ∼= 2kF
7. At the same time, when screening is taken into account this instability
is destroyed (see, for instance, Ref.8). Hence, it is essential to add screening effects to the Fock contribution to Eexc.
So, the following expression for the function of λ in Eq.22 can be obtained
λ (n↑, n↓) = −
e2
16π2
(
1
F
−
4
3
)(
V ↑excpF↑ − V
↓
excpF↓
)
+
e2
96π3F 2
. (23)
This expression properly takes into account the main effect - shift of chemical potential (15) and exactly corresponds
to Eq.16 in the Fock approximation.
Let us discuss the consequences of the addition (23) to exchange-correlation energy. First of all, EXF Bexc(r) =
−δEexc/δm(r) is now noncollinear with respect to the local magnetization, so, the variation of Eq.22 leads to appear-
ance of a new term
Bγexc(r) =
2
m
(δβγ − eβeγ)∇α
(
λ∇αe
β(r)
)
. (24)
The noncollinearity of Bexc with e corresponds to the ’direct’ exchange processes, which are absent in LSDA. This
field can be directly included in any traditional full-potential LSDA technique.
Another important consequence of this non-locality is the appearance of an additional contribution for SWS of
ferromagnons
D =
4
M
[
lim
Q→0
ESDW (Q)− ESDW (0)
Q2
]
. (25)
For this contribution we have
δD =
4
M
∫
drλ (n↑, n↓) , (26)
with integration over the whole elementary cell. This correction represents an addition to the value of D which was
obtained in the random phase approximation9.
The numerical calculations were first performed for HEG model. The calculation of the Q dependence of the
correlation energy according to Eq.(16) revealed that this contribution is relatively small and does not have any
peculiarities as a function of Q and has monotonic behavior. In our approximation it could indicate that this term
contributes to both intraatomic and interatomic range scales in similar fashion.
Further, we applied the technique described above for the studies of SD in ferromagnetic (FM) Fe and Ni. These
systems are well studied and might be used as prototype systems for 3d magnetism research. Below we employ a
non-collinear version of the full-potential linear augmented plane wave method (WIEN code) using both LSDA and
generalized gradient correction approaches. In this approach the magnetization density is treated as a continuous
vector quantity. The parameters of calculations (number of k-points, plane waves and etc) were chosen to provide
a convergence of SWS about 3-5%. Unfortunately, we could not compute the energy from Eq.(16) for arbitrary Q
with real DFT wave functions and our study of spin waves in Fe and Ni was performed only for small Q, i.e. for
SWS from Eq.25. Our standard LSDA calculations (without SAGA) produced 239 meV/A2 and 692 meV/A2 for
D in Fe and Ni respectively (see, also Ref.10). These results are in agreement with previous theoretical calculations
and are close to the experimental numbers. The non-self-consistent addition of non-local correction from Eq.26 does
not change significantly these results, producing a positive correction of 13 meV/A2 and 45 meV/A2 for Fe and Ni
respectively (so, the total D become 253 meV/A2 and 735 meV/A2). The addition of Eq.22 for the self-consistency
procedure and the total energy calculations modifies these results. The self-consistent account of SAGA increases the
total D up to 271 meV/A2, with the increasing EXF contribution of 21 meV/A2. The effect of the increase of the
total D was also found in Ni where EXF contributes 94 meV/A2 to the total self-consistent value of 782 meV/A2.
This result already indicates that SD in 3d metals exists mostly due to ’kinetic’ (indirect) exchange with relatively
small contribution from ’potential’ (direct) exchange. Whereas the absolute value of the latter term is rather large, its
non-local (dynamic) part is much weaker compared to ’kinetic’ spin current dynamics. Overall the addition of SAGA
leads to an increase of the total D from both the direct SAGA addition and the indirect modification of ’kinetic’
contribution (effects of self-consistency). Whereas this result is obtained only for small Q, we expect that at larger Q
5
this effect will be more pronounced. Also one can argue that the addition of diagrams beyond the GW approximation
can be important due to their influence on Stoner exchange splitting. Both LSDA and GW calculations produce much
larger splitting than the one observed on experiment, hence one can expect that the other diagrams will correct it
and as a result will generate a smaller SWS.
In summary, we estimated the non local part of the exchange correlation magnetic field in real magnets. Our
results for Fe and Ni indicated that in spite of the large absolute value of the exchange correlation magnetic field, the
non-local part of this field, which contributes to microscopical spin dynamics is rather small compared to the ’kinetic’
spin current term in 3d ferromagnetic metals. We expect that this correction can be important in the interstitials
of weak magnets, systems with strong interaction between the local moment and conduction electrons, and magnets
with non-collinear ordering.
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